Abstract: The operator product expansion (OPE) of the Wilson surface operators in sixdimensional (2, 0) superconformal field theory is studied from AdS/CFT correspondence in this paper. We compute the OPE coefficients of the chiral primary operators using the M5-brane description for spherical Wilson surface operators in higher dimensional representations. We use the non-chiral M5-brane action in our calculation. We also discuss their membrane limit, and compare our results with the ones obtained from membrane description.
Introduction
Supersymmetric Wilson loops play an important role in AdS 5 /CF T 4 correspondence [1, 2, 3, 4] . On the field theory side, the calculation of the expectation values of half-BPS circular Wilson loops could be reduced to the corresponding calculation in a zero-dimensional matrix model [5] . The reduction to the matrix model relies on the fact that the perturbative contributions to the expectation value are believed to be only from the rainbow graphs in Feynman gauge [5] and this is confirmed by using the conformal transformation which links the straight Wilson line and the circular Wilson loop [6] . It is remarkable that the computations using the matrix model give us the results to all orders of g 2 Y M N and to all orders of 1/N . The dependence on 1/N indicates that in order to have a good dual description of these BPS Wilson loops, one has to go beyond the free string limit and consider the string interaction on the AdS 5 side.
The original AdS 5 /CF T 4 dictionary tells us that the dual description of the Wilson loops in AdS 5 should be the fundamental strings whose worldsheet boundaries are just the paths used to define the Wilson loops in N = 4 Super-Yang-Mills theory [7, 8] . The on-shell classical actions of the strings give the expectation values of the Wilson loops, after correctly including the boundary terms [9] . However, the field theory result indicates that this should not be the full story and one should go beyond the free string limit. Later on, people found that a better description for the half-BPS Wilson loop in high rank representation of gauge group is using D3-brane and/or D5-brane configurations [10, 11, 12, 13] . The D3-brane configuration gives a good description for the Wilson loops in the symmetric representation, while the D5-brane gives a good description for the ones in the antisymmetric representation. The original string picture is a good description only for the Wilson loops in the fundamental representation or low dimensional representations. The D-brane description of the Wilson loops in high dimensional representations can be understood as dielectric effect [14, 15] : due to the interaction among many coincide fundamental strings in the self-dual RR background, the strings blow up to higher dimensional D-branes. The expectation values of the Wilson loops can be computed from the action of the classical D-brane solutions in the large N limit, appropriately taken into account of the boundary terms. The computations using D-branes successfully reproduce the all-genus results from matrix model calculation [10, 11] . Furthermore D3-brane description of some 1/4-BPS Wilson loops was given in [16] and the D-brane description of 1/2-BPS Wilson-'t Hooft operators was given in [17] . Some further studies of higher rank Wilson loops using matrix model can be found in [18, 19] .
Another interesting issue on Wilson loops is to calculate their OPE. When we probe the Wilson loop from a distance much larger than the size of the loop, this Wilson loop operator can be expanded as a linear combination of local operators. When the local operator is a chiral primary operator, the OPE coefficient can be computed either from the correlation function of two Wilson loops or from the correlation of the Wilson loop with this operator [20] . According to AdS/CFT correspondence, in the large N and large g 2 Y M N limit this OPE coefficient can be computed from the coupling to the string worldsheet corresponding to the Wilson loop of the supergravity mode corresponding to the chiral primary operator [20] . When the Wilson loop operator is in high dimensional representation, the OPE coefficients can be computed from the coupling to the corresponding D-branes of the supergravity modes [21] .
Motivated by the success in the Wilson loop case, we would like to consider its cousin in six-dimensional field theory in the framework of AdS 7 /CF T 6 correspondence. Here CF T 6 is a six-dimensional superconformal field theory with (2, 0)-supersymmetries. Its field content is of a tensor multiplet, including a 2-form B µν , four fermions and five scalars; the field strength of this 2-form is (anti)-self-dual. The strong version of the AdS 7 /CF T 6 correspondence claims that this field theory is dual to the M-theory on the background AdS 7 × S 4 . This correspondence was obtained by considering N coinciding M5-branes in M-theory. The low energy limit of the worldvolume theory is the above six-dimensional A N −1 , (2, 0) superconformal field theory [22, 23] . The near horizon limit of the supergravity solution corresponding to these M5-branes will give AdS 7 × S 4 background with 4-form flux. Similar to the AdS 5 /CF T 4 case, this near horizon limit led Maldacena to propose the above correspondence [1] . 1 Unfortunately, unlike the well-studied AdS 5 /CF T 4 case, the AdS 7 /CF T 6 correspondence is poorly investigated, although its study could be essential for us to understand M-theory. The main obstacle is our ignorance of the mysterious superconformal field theory. Due to the existence of self-dual chiral 2-form, there is no lagrangian formulation of the theory, even though the chiral theory is still a local interacting field theory [25] . The theory has been suggested to be described by DLCQ matrix theory [26, 27] . In any sense, it has not been well understood. The AdS/CFT correspondence supplies a new tool to probe this nontrivial six-dimensional field theory. The weak version of the correspondence says that the large N limit of the (2, 0) field theory is dual to 11D supergravity on AdS 7 × S 4 [1] . The chiral primary operators and the corresponding supergravity modes in this case were studied in [28] . Some correlation functions of local operators were computed in [29] . These local operators were also studied using M5-brane action [30] .
In this six-dimensional superconformal field theory, the natural cousin of Wilson loop operator is Wilson surface operator, a non-local operator of dimension two. This operator could be formally defined as [31] 
Here Σ is a two-dimensional surface. From AdS/CFT correspondence, the Wilson surface operator should correspond to a membrane ending on the boundary of AdS space [8, 20] . Inspired by the D-brane description of Wilson loops in higher dimensional representations, M5-brane description of the half-BPS Wilson surface operators in higher dimensional representations were studied in details in [32] . 2 The corresponding M5-brane solutions of the covariant equations of motion have been found. Both the straight Wilson surfaces and the spherical Wilson surfaces were studied in this framework. For each case, two kinds of solution were discovered. Both of them have worldvolume of topology AdS 3 × S 3 . The AdS 3 part is always in AdS 7 , while the S 3 part can be either in AdS 7 or in S 4 . Analogizing the D-brane description of the Wilson loops, we expect the first case describe the Wilson surface in the symmetric representation, while the second solution describe the Wilson surface in the anti-symmetric representation. The expectation value of the Wilson surface should be given by the action of the membrane or the M5-brane. Both actions are divergent [20, 32] . For the straight Wilson surface, there is only quadratic divergence, but for the spherical Wilson surface, there are both quadratic and logarithmic divergences. The logarithmic divergence comes from conformal anomaly of the surface operator [35] . The existence of logarithmic divergence indicates that the expectation value of Wilson surface may not be well-defined. Despite of this fact, the OPE coefficients of the Wilson surface operators are still well-defined. In [29] , the OPE coefficients of the chiral primary operators are computed using the membrane solution found in [20] . The strategy is similar to the Wilson loop case: one may treat the membrane as the source for the supergravity fields in the bulk. The OPE coefficients could be read off from the coupling to the membrane of the bulk supergravity modes corresponding to the chiral primary operators.
2 Similar brane configurations for straight Wilson surface are discussed in [33] in Pasti-Sorokin-Tonin (PST) formalism as well. The self-dual string soliton in AdS4 × S 7 spacetime is discussed in [33, 34] .
The main subject of this paper is to compute the OPE coefficients for the Wilson surface operator in higher dimensional representation using the M5-brane solutions mentioned above. We compute these OPE coefficients from the correlation functions of the Wilson surface with the chiral primary operators. Instead of taking the membrane as source, we take the M5-brane as the source and study its response to the bulk gravity modes. Unlike the cases of D-brane and M2-brane, the dynamics of M5-brane is much more subtler. Various actions of M5-branes are given in [36] - [41] . In this paper we will use the non-chiral action in [41] to compute the OPE coefficients. The virtue of this action is that we need not to introduce any auxiliary fields.
The paper is organized as follows. In section 2, we review the computations of the OPE coefficients using membrane solution. Section 3 is devoted to a very brief review of the non-chiral action of M5-brane. The computations using M5-brane solution is present in the following two sections. Section 4 is for the symmetric case and section 5 is for the anti-symmetric case. We end with the conclusion and discussions. We put the technical details about the variation of dual six-form gauge potential δC 6 in the appendix.
Review of the OPE of the Wilson surface in the fundamental presentation
In this paper, we only consider the spherical Wilson surface operators. When we probe the Wilson surface from a distance quite larger than its radius r, the operator product expansion of the Wilson surface operators could be:
where O n i are operators with conformal weights ∆ n i . Here we use O 0 i to denote the i-th primary field and O n i for n > 0 to denote its conformal descendants. The OPE coefficients of the chiral primary operator O 0 i can be obtained from the r/L expansion of the correlation function of the Wilson surface with this chiral primary operator,
where L is the distance from the Wilson surface to the local operator, and we have assume that the local operators have been normalized. These operators should be bosonic and S N symmetric, since they should have the same symmetry property of the Wilson surface. Based on the experience from the supersymmetric Wilson loops in N = 4 SYM, the half-BPS Wilson surface should also coupled to the five scalars. This coupling is determined by a vectorθ I (s) in S 4 [20] . We consider the case whenθ I (s) =θ I is a constant, i. e. a fixed point in S 4 . Then the R-symmetry group is broken from SO(5) to SO(4). The local operators which appear in the OPE of the Wilson surface should also be in the representation of SO(5) whose decomposition includes singlet of SO (4) . In this paper, we will compute the OPE coefficient of the operator O ∆ in the rank k symmetric, traceless representation of SO (5). This operator satisfy the above constraints and is a chiral primary operator of dimension ∆ = 2k [27] . The dimension of this operator is protected by supersymmetries.
Review of the corresponding supergravity modes
In the following, we would like to review the supergravity modes corresponding to this chiral primary operators. To do this, we would like to first review the AdS 7 × S 4 solution of 11d supergravity. This solution is maximally supersymmetric.
The bosonic equations of motion of 11d supergravity are 3 :
And the metric and background 4-form flux of AdS 7 × S 4 are
where dΩ 2 3 is the metric of unit S 3 and dΩ 2 4 is the metric of unit S 4 . The 4-form field strength fills in S 4 , and ζ i (i = 1, 2, 3, 4) are the angular coordinates in S 4 . We have rescaled the radius of AdS 7 to be 1, then the radius of S 4 is 1/2. From the AdS 7 /CF T 6 duality, we know that
where l p is the Planck constant in eleven dimension. The 4-form field strength H 4 and its Hodge dual 7-form field strength H 7 are related to the corresponding gauge potentials C 3 and C 6 by
Now we consider the fluctuation around the above background to get the states of 11d supergravity in this background [42, 43, 44] . We can decompose the fluctuated metric as
where g mn is the background metric, h mn is the fluctuations. The fluctuation of the three form gauge potential is δC mnp = a mnp (2.9)
We first decompose h αβ into the trace part and the traceless part:
Then we decompose h µν as
Here (mn) indicates that we take the symmetric traceless part. In the gauge defined by
and a m 1 m 2 m 3 have the following expansion:
and
Here Y I and Y I (αβ) are scalar and rank 2, symmetric traceless tensor harmonics on four-sphere with radius 1/2, respectively. They satisfy the following equations
respectively 4 . The index I is the abbreviation of (l 4 , · · · , l 1 ) which satisfy
Using the above expansions, we can obtain the linearized equations of motion which we will not repeat here. The modes h 2 and b satisfy a set of coupled equations of motion. The mass eighenvectors and eighenvalues are
18)
s I transforms in the same representation of the R-symmetry group SO(5) as O ∆ , and it is the supergravity mode corresponding to O ∆ [28] .
Since we are only interested in the OPE coefficients of O ∆ , we can set the other modes to be zero. From t I = 0, we get h
Using the results in [29] , we can express the fluctuation of the background in terms of s I as:
Review of the computations of the OPE coefficients
In this subsection we will review the membrane solution corresponding to the Wilson surface in the fundament representation in [20] and the computations of the OPE coefficients using this solution [29] . The membrane solution can be described more conveniently in the Euclidean version of AdS 7 space and using the Poincaré coordinates. In this coordinate system, the metric of the AdS 7 space is
Consider a spherical Wilson surface with radius r described by 26) in the boundary of AdS 7 . The membrane solution corresponding to this Wilson surface can be parametrized as following:
To compute the OPE coefficient from this membrane solutions, we need to use the action of the M2-brane. The bosonic part of this action is [45] 
where T 2 is the tension of M2-brane: 29) and C 3 is the pullback of the bulk 3-form gauge potential to the worldvolume of the membrane 5 . Since the worldvolume of the membrane is completely embedded in the AdS 7 part of the background, so the pullback of δC 3 to the membrane worldvolume is zero. Then the only contribution is from the Nambu-Goto part of the action:
After we compute the fluctuation of the action due to the supergravity modes, we write
is the bulk-to-boundary propagator and c is the following constant:
Then the correlation function we needed to compute is:
Here
is used to set the normalization of the operator and this constant is fixed by requiring the coefficient of the 2-point function to be unit. Since we only need to compute this function to the first order of r/L, we can use the following approximation for the bulk-to-boundary propagator [20] :
From eq. (2.31), we find that to the first order of r/L, we have the following approximations: In this paper, we use the underline indices to denote the target space indices. We also use the underline to denote the pullback of bulk gauge potential or field strength to the worldvolume of M2-brane or M5-brane. We hope that this will not produce confusion.
From this, we have 
So the OPE coefficients are 6 c fumd.
The non-chiral action of M5-brane
Compared to D-branes, the action of M5-brane is more involved. Various actions of M5-branes were given in [36] - [41] . Different choice of action gives equivalent equations of motion [37, 41] . In this paper we will use the non-chiral action in [41] to compute the OPE coefficients. There is a 3-form field strength H 3 on the worldvolume of the M5-brane. This field strength is related to a 2-form potential A 2 by
so H 3 satisfies the following Bianchi identity:
Here C 3 and H 4 are the pull-back of target space 3-form potential and 4-form field strength, respectively. The non-chiral action is given by
where
4) 5) and T 5 is the tension of the M5-brane:
6 Notice that Y I is not included in the OPE coefficients.
Here C 6 is the pull-back of target space 6-form potential. The equations of motion are obtained from the variation of the action with respect to the embedding z m and the gauge potential A 2 . The equation of motion for 2-form potential is equivalent to the Bianchi identity. In addition, one have to impose the following non-linear self-duality condition
by hand.
In the following two sections we will study the OPE of the Wilson surface operators using this non-chiral action. For doing this, we need to compute the variations of the action with respect to the above fluctuations of the background fields reviewed in subsection 2.1. Since we only need to compute the fluctuation to the linear order and the equations of motion are obtained from the variation of the action with respect to z m and A 2 , we can set the variations of z m and A 2 to be zero. Then from eq. (3.1) we get δH 3 = −δC 3 .
OPE of the Wilson surface in the symmetric representation
In this section we will study the OPE of the Wilson surface operator in the symmetric representation by using the M5-brane solutions in [32] . We would like to compute the OPE coefficients of O ∆ by compute the correlation functions of the Wilson surface operator with O ∆ . According to the AdS/CFT correspondence, we need to study the coupling to this M5-brane of the corresponding supergravity modes s I .
Review of the M5-brane solution
First we would like to review the M5-brane solution corresponding to the spherical Wilson surface operator in the symmetric representation. As in [10] , it is more convenient to make a Wick rotation in the AdS 7 space and choose the coordinates such that the metric take the following form:
The Wilson surface will be placed at r 1 = r and r 2 = 0. Let us change the coordinates (r 1 , r 2 , y) to (ρ, η, θ) by the following transformation: Here, the coordinates take the range ρ
The worldvolume of the M5-brane has topology AdS 3 ×S 3 and is completely embedded into the AdS 7 part of the background geometry. We take (η, α, β, θ, γ, δ) as the worldvolume coordinates of M5-brane and assume that ρ be only the function of η. For the solution found in [32] , η and ρ satisfy the following relation:
so the induced metric of M5-brane worldvolume is
The field strength H 3 on the worldvolume is
The equations of motion require that κ and a should satisfy
The computations of the OPE coefficients
To compute the coupling to the M5-brane of these supergravity modes, we should compute the variations of the action with respect to the above fluctuation of the background. First we notice that after Wick rotation, the non-chiral action for the M5-branes take the form:
We decompose the fluctuation of the background metric into two parts:
where h
(1) we have
We note that this result is valid for any of the M5-brane solutions completely embedded in the AdS 7 space. From the above results we get
Now we turn to compute the variation of the action with respect to the second part of the fluctuation of the background metric.
In Pioncarè coordinate, we have Similar to the previous computations, we have
Taking all these into account, we get 31) where κ = 1−a 2 2|a| and the explicit value of H 3 have been used. Now we begin to discuss the contributions from the fluctuation of the four-form flux. Recall that δH 3 = −δC 3 , since δC 3 only have components in S 4 , so δH 3 = 0. Then the contributions only come from the Chern-Simions part of the action. Since δ(C 3 ∧ H 3 ) = 0, the only contribution is from δC 6 .
The computations of δC 6 is put in the appendix, the result is
Using this result and eq. (4.23), we get
The 6-form gauge potential C 6 is of the form
On the M5-brane worldvolume,
After some calculations, we get
From this result and eq. (4.31), we get
Having obtained the variation of the action with respect to the fluctuation of the background fields, we can compute the correlation function of the Wilson surface operator in the symmetric representation with the chiral primary operators. Now, we write s I as and
So the OPE coefficient is
We can perform the integral over θ and get:
It would be interesting to compare our results with the OPE coefficients of Wilson surface operators in the fundamental representation computed using the membranes [29] .
To do this, we should take the limit of κ → 0 because in this limit the S 3 part of the worldvolume shrink.
In this limit, we can do the integral by substitution: we define t by using
we get 49) in the κ → 0 limit. Now we express this result in terms of Q M , the magnetic charge of the string soliton solution [32] . For this solution, we have
We can see that in this limit the OPE coefficients is proportional to Q M . Comparing with the results eq. (2.41) obtained from membrane, we find that the k-dependence of the OPE coefficient is different although the N -dependence is the same.
OPE of the Wilson surface in the antisymmetric representation
In this section we compute the OPE of the Wilson surface in the antisymmetric representation. As mentioned in the introduction, in this case, the worldvolume of the M5-brane still has topology AdS 3 × S 3 , where the S 3 part (we sometimes call itS 3 ) is in S 4 instead of AdS 7 . Some part of the calculations are similar to the previous section, while some new issues will appear here. 7 
Review of the M5-brane solution
As in section 4, we first review the M5-brane solution corresponding to the spherical Wilson surface operator in antisymmetric representation.
We begin from the Euclidean AdS 7 whose metric has form (4.1). We further consider the transformation y = r cos δ, r 1 = r sin δ.
The coordinates of the AdS 3 part of the M5-brane worldvolume can be chosen as δ, α, β. Then the AdS 3 part of the induced metric of the worldvolume is
The coordinates of theS 3 part can be chose to be ζ 2 , ζ 3 , ζ 4 and we let ζ 1 to be fixed at a constant ζ 0 . Then the induced metric of this part is
The equations of motion require a and ζ 0 should satisfy
The computations of the OPE coefficients
After reviewing the M5-brane solution, we now compute the OPE coefficients of the Wilson surface operators using AdS 7 /CF T 6 correspondence. As the computation for Wilson surfaces in the symmetric representation, we should compute the variation of the M5-brane action with respect to the fluctuation of the background fields reviewed in section 2.
For the variation with respect to the first part of the fluctuation of the metric, we have: 
Putting all these together, we have,
Finally let us compute the variation of the Chern-Simions term. Recall that
In this case, δC 6 = 0, so
The total action of M5-brane is so we get
Here we have performed the integration over the 3-sphere 9 :
As before, using we get
Now we perform the integration over δ: 38) and have
after putting the explicit value of a. The harmonic function can be written as
where x = cos ζ 0 , C (3/2) k (x) are Gegenbauer polynomials and
is obtained from the normalization of Y k,0 . Therefore
we have
So the OPE coefficients is
To compare with the membrane results, we take the ζ 0 → 0 limit in which theS 3 will shrink. In this limit x → 1 and the OPE cooeficient is equal to
The magnetic charge of string soliton solution is 47) in the small ζ 0 limit, we have
Then the OPE coefficients can be written as
We can see that in this limit the OPE coefficients is proportional to Q M and the kdependence and N -dependence of the coefficients in this limit is the same as the one in eq. (2.41) computed using M2-brane.
Conclusion and discussions
In this paper we studied the OPE of spherical half-BPS Wilson surface operators using their M5-brane description. We computed the OPE coefficients by studying the coupling to the M5-branes of the supergravity modes. In this process, we first make clear that the variation of the embedding and the 2-form gauge potential can be set to zero. Then we calculated the response of the non-chiral action of M5-brane to the bulk supergravity fields. Moreover, we had to investigate carefully the response of the Chern-Simons term in the M5-brane action to the bulk gauge potential. In the symmetric case, the three form field strength has no fluctuation and only the fluctuation of the dual 6-form gauge potential gives the contribution. On the contrary, in the antisymmetric case, δH 3 is non-zero while δC 6 = 0. We also consider the membrane limit of our results. In this limit the S 3 part of the M5-brane worldvolume shrink. We find that the OPE coefficients is proportional to Q M which characterizes the rank of the representation. This is reminiscent of the results for the expectation values of these Wilson surfaces in [32] . There it is found that the expectation values is proportional to Q M even before we take the membrane limit. We compare our result in this membrane limit with the results obtained from the membrane method [29] . We find that the N dependence are the same. We also find that for the Wilson surface in symmetric representation, the dependence on the dimension of the local operator is different, while in the antisymmetric case, the dependence is the same. This may be related to the nontrivial dynamics of the branes in M-theory. We hope we can come back to this point in the future.
Another subtle issue is the choice of the M5-brane action. Among the different proposals for the M5-brane action, we chose the non-chiral action since there are no auxiliary fields in this action. Although different choice of action gives equivalent equations of motion [37, 41] , this does not guarantee that these actions give the same quantum dynamics. It will be interesting to compute the OPE coefficients using other actions of the M5-brane, such as the PST action and compare the results obtained from different action. In [32] , the issue on choosing action also appear and make the discussions for the boundary terms quite subtle.
At this stage, quite little is known in the field theory side. Some field theory studies could be found in [47] : the conformal anomaly of abelian Wilson surface operator was calculated in A 1 field theory. It is very hard to consider the nonabelin Wilson surface in field theory. It would be interesting to study the OPE of Wilson surface operators from field theory calculation and compare the results with the ones obtained from M2-brane or M5-brane.
If we compactify the six-dimension (0, 2) SCFT on T 2 with supersymemtric boundary conditions, we will obtain N = 4 supersymmetric Yang-Mills theory. If the Wilson surface winds various 1-cycles of the T 2 , it will give Wilson loop, 't Hooft loop or Wilson-'t Hooft loop [48, 49] . It is interesting to see if one can study this relation in the framework AdS/CF T correspondence. The relation between Wilson surface in six-dimensional SCFT and the surface operator in four-dimensional SYM is also a quite interesting subject [50, 51, 52, 53] .
Another interesting subject about the Wilson surfaces in higher dimensional representation is to compute the correlation function of two Wilson surfaces, one in the fundamental representation and the other one in higher dimensional representation [54] . From eq. (2.7) and δ(C 3 ∧ H 4 ) = 0, we get dδC 6 = δH 7 . We can choose
which lead to the above δH 7 .
